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Abstract 

Darwin argued that natural selection leads organisms to appear as if they are striving to maximize their fitness. This idea is readily recognized at 
the individual cell or body level, but such adaptive design may also manifest at some higher levels of biological organization. Previous work has 
formalized the idea that social groups can be viewed as adaptive individuals in their own right—i.e., “superorganisms”—under the assumptions 
that within-group selection is absent and that there is no class structure. However, the original and most common biological use of the term 

“superorganism” is in reference to insect colonies in which members exhibit striking class structure in the form of reproductive division of 
labour. Accordingly, although obligately eusocial colonies are regularly conceptualized as having the capacity for colony-level adaptation, current 
formalisms are unable to support this idea. Here, we develop a formal theory of group-level adaptation for obligately eusocial colonies by estab- 
lishing mathematical correspondences that connect the dynamics of natural selection—as described by Price’s equation—to the mathematics of 
optimization—wherein the colony is considered a fitness-maximizing agent—under a range of assumptions as to which members of the colony 
control its phenotype and the degree to which they are genetically related. 
Keywords: adaptation, class structure, division of labour, eusociality, formal Darwinism, group as maximizing agent, group selection, individuality, natural se- 
lection, Price equation 
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Introduction 

Darwin (1859) argued that natural selection leads organisms 
to appear as if they are striving to maximize their fitness. 
This idea is foundational to the field of behavioural ecology 
( Alcock, 2009 ; Davies et al., 2012 ), and is supported by for- 
mal analysis—from Fisher’s (1930) “fundamental theorem of 
natural selection” to Grafen’s (2002 , 2006b) “formal Dar- 
winism” project. It has been suggested that, in some taxa, 
social groups may also be viewed as adaptive individuals, 
i.e., “superorganisms”( Emerson, 1939 ; Hölldobler & Wilson,
2009 ; Marais, 1925 ; Reeve & Hölldobler, 2007 ; Seeley, 1989 , 
1997 ; Sober & Wilson, 1998 ; Wells et al., 1929 ; Wheeler,
1911 ; Wilson & Sober, 1989 ). Gardner & Grafen (2009) have 
shown that the same links between the mathematics of selec- 
tion and optimization that justify individual-level adaptation 

also hold for group-level adaptation in some specific cases in 

which within-group selection is completely abolished ( Figure 
1 ). In particular, their simple model assumes that all individ- 
uals are generic and interchangeable—i.e., there is no class 
structure ( Fisher, 1930 ; Grafen, 2006a ; Taylor, 1990 ). 

However, the original biological use of the term “super- 
organism” by Wheeler (1911) was in reference to social in- 
sect colonies in which members exhibit striking class structure 
in the form of a reproductive division of labour. Wheeler’s 
“superorganism” echoed and further emphasized Darwin’s 
(1859) and Weismann’s (1893) recognition of the evolution- 
ary importance of queen-worker caste differentiation in the 
biology of these highly social insect colonies, though the term 

single creatures where between-group selection overwhelms 
within-group selection ( Emerson, 1939 ; Wilson, 1971 , 1975 ,
1985 ; Wilson & Sober, 1989 ; see Boomsma & Gawne, 2018 

for a full review, and Table 1 for a glossary of key terms).
Boomsma & Gawne (2018) have argued that these latter con- 
ceptions of the superorganism have been imprecise in compar- 
ison with the original, which stressed strict reproductive divi- 
sion of labour and is analogous to some modern definitions of
obligate eusociality—i.e., where colonies are formed by indi- 
viduals who exhibit and commit to an irreversible caste phe- 
notype, sometimes (but not always) leading to full sterility of
one or more castes ( Boomsma, 2007 , 2009 , 2022 ; Boomsma
& Gawne, 2018 ; Crespi & Yanega, 1995 , see also Table 1 ).
This reproductive division of labour is akin to the separa-
tion of germline and soma characteristic of obligately mul- 
ticellular organisms and, in both cases, leads to strict mu-
tual dependence among the lower-level members of higher- 
level collectives ( Bourke, 2011 ; Fisher, 1930 ; Queller, 1997 ,
2000 ; Weismann, 1893 ; West et al., 2015 ; Wheeler, 1902 ,
1910 , 1911 , 1928 ). Indeed, the permanence and irreversibil-
ity of organismality and superorganismality are often ascribed 

to such differentiation within both multicellular bodies and 

multi-individual colonies ( Boomsma, 2022 ). Accordingly, the 
neglect of class structure within the analysis of Gardner &
Grafen (2009) means that there is a lack of formal support
for viewing obligately eusocial colonies with reproductive di- 
vision of labour as adaptive units. 

Here, we provide formal justification for viewing obli- 
gately eusocial colonies (“superorganisms”, sensu Wheeler) as 
was later confusingly broadened to include any collection of 
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Figure 1. Overview diagram of past, present, and potential future directions of the formal Darwinism approach as applied to group-level adaptation. 
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tness-maximizing individuals in their own right. We build 

pon Gardner & Grafen’s (2009) “group as maximizing 
gent”analysis to consider groups in which individuals belong 
o separate reproductive versus non-reproductive classes, es- 
ablishing a series of mathematical correspondences between 

he dynamics of selection—as described by Price’s (1970 , 
972) equation—and the maximization of group-fitness—as 
escribed by an optimization program. We consider three sep- 
rate cases: a “queen control” scenario in which the colony’s 
henotype—being the entirety of its morphology, physiology 
nd behaviour—is fully determined by the queen’s genotype; 
 “worker control” scenario in which the colony’s phenotype 
s fully determined by the workers’ genotypes; and a “shared 

ontrol” scenario in which the colony’s phenotype is jointly 
etermined by both queen and worker genotypes. Our aim is 
ot to detail specific predictions concerning particular traits 
ut rather to provide the formal foundations for a group- 
daptationist research programme within which testable hy- 
otheses may be formulated and empirically tested. 

ethods and results 

opulation genetics 

e consider a large, finite population of individuals with dis- 
rete, non-overlapping generations. The population is orga- 
ized into M groups, or colonies, within which all social inter- 
ctions take place. Each of these M colonies comprises one re- 
roductive individual—the queen—and N non-reproductive 
ndividuals—the workers. Each colony is assigned a unique 
ndex i ∈ I = {1, 2, 3. . ., M }, and, within each colony, each 

ndividual is assigned a unique index j ∈ J = {0, 1, 2. . ., N }, 
here j = 0 designates the queen. We do not consider any class 

tructure beyond the basic reproductive division of labour—
or example, individuals are not divided into separate age, sex, 
r ploidy classes. We assume that density-dependent regula- 
ion ensures the number of colonies and the number of indi- 
iduals within each colony at the time of census remains the 
ame in every generation. 

We describe an individual’s additive genetic value for any
character of interest as a linear weighted sum of genic val-
ues, or “p -score” ( Falconer, 1981 ; Grafen, 1985 ; Price, 1970 ).
We denote the p -score for the j th individual in the i th colony
as pij , with pi 0 representing the queen’s p -score. The aver-
age p -score of the colony may then be given by pi = cq pi 0 +
cw 

∑ 

ˆ J pi j /N, where ˆ J = { 1 , 2 ..., N} indexes workers and cq 

and cw 

are the class reproductive values of queens and work-
ers, respectively—i.e., the probability that a gene chosen at
random from the population in the distant future traces its
ancestry to each class in the present generation ( Fisher, 1930 ;
Grafen, 2006a ; Taylor, 1990 ). Because only queens repro-
duce, such that cq = 1 and cw 

= 0, the colony’s p -score
is equal to that of its queen i.e., pi = pi 0 . The average p -
score of the population is then given by p = cq 

∑ 

I pi 0 /M +
cw 

∑ 

I 

∑ 

ˆ J pi j / (MN ) = �I pi 0 / M . 
We incorporate demographic uncertainty in reproductive

success, i.e., an individual’s number of offspring surviving to
next census, by assigning a unique index ω ∈ � for every pos-
sible reproductive outcome for the population and by denot-
ing the i th colony’s queen’s reproductive success under out-
come ω as wω 

i 0 . Following Grafen (2002 , 2006a) , descriptors
of the population of individuals (e.g., the group index) are de-
noted by subscripting, while descriptors of the state of nature
(e.g., realizations of the future) are denoted by superscript-
ing. Because only queens reproduce, the colony’s reproductive
success is given by wω 

i = wω 
i 0 and the population’s by wω =

�I wω 
i 0 / M. We denote the probability that outcome ω occurs

by qω . Averaging over uncertainty, the expected reproductive
success of the queen is given by wi0 = ��qω wω 

i 0 , that for the
colony by wi = wi0 = ��qω wω 

i 0 , and that for the population by
w = ��qω wω . We assume that density-dependent regulation
maintains a constant number of colonies M in each genera-
tion, so that wω = w = 1 for all ω ∈ �. 

Because group adaptation manifests in a colony’s pheno-
type, we develop an explicit model of colony phenotypes and
their relation to genotypes and reproductive success. We de-
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Table 1. Glossary of terms (as used in this paper). 

Superorganism : a term originally used by Wheeler (1911) to describe insect colonies in which members belonged to morphologically distinct 
castes; the prefix “super-” is intended to emphasize that they represent a distinct domain of social evolution beyond metazoan multicellularity 
( Boomsma & Gawne, 2018 ). Later, the term was confusingly broadened to capture any collection of single creatures where between-group 
selection overwhelms within-group selection (e.g., Wilson & Sober, 1989 ). 
Obligate eusociality : social groups in which caste is irreversibly determined early in development such that no individuals in predestined worker 
castes retain the behavioural, and often physiological, option to disperse and found their own colonies independently ( Boomsma, 2009 ). 
Kin selection : a theory originally conceived by Darwin (1859) , developed by Hamilton (1964) , and named by Maynard Smith (1964) , describing 
how natural selection can operate through the reproductive success of relatives ( Frank, 1998 ). 
Group selection : the portion of natural selection that operates at the between-group level ( Hamilton, 1975 ; Price, 1972 ). 
Group-level adaptation : the quality of groups exhibiting adaptive individuality in their own right ( Gardner & Grafen, 2009 ). 
Price equation : an equation describing overall evolutionary change as the change in the average value of some character of interest that occurs 
between two assemblages, conventionally termed “parents” and “offspring” ( Price, 1970 , 1972 ; Gardner, 2020 ). The Price equation expresses this 
overall evolutionary change as the sum of two terms: a “selection” term and a “transmission” term, providing general definitions of these two 
processes. 
Formal Darwinism : a project pursued by Alan Grafen and colleagues to formalize and justify ideas of fitness optimization originating from 

Darwin and used by behavioural ecologists, including by linking the mathematics of change described by the Price equation and the mathematics 
of optimization ( Grafen, 1999 , 2000 , 2002 , 2006a ,b , 2007 , 2014 ; Gardner & Grafen, 2009 ; Gardner & Welch, 2011 ). 
Optimization program : a mathematical device often used in economics and control theory that describes an objective and the means by which that 
objective may be pursued. The optimization program provides a formal mathematical definition of purpose and optimality, without implying that 
the latter is achievable ( Grafen, 2002 ). 
Group-as-maximizing-agent (GMA) analogy : an optimization program where a social group is described as a purposeful agent with its own 
agenda in pursuit of some objective—both in Gardner & Grafen (2009) and in the present analysis that objective is to maximize its expected 
reproductive success. 
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denote the genotype of the j th individual in the i th colony 
by gij . The set of all possible colony genotypes, made up of 
the member’s individual genotypes, is � and the genotype of 
the i th colony is denoted as γ i . Similarly, the set of all pos- 
sible colony phenotypes is � and the phenotype of the i th 

colony is denoted as π i . We assume that the phenotype is 
fully specified by the genotype, i.e., πi = P(γi ) , where P is the 
phenotype function. Finally, we assume that the relationship 

between a colony’s phenotype and its expected reproductive 
success is given by wi = W (πi ) /W , where W ( π i ) is the fitness 
function and W = �I W (πi ) /M . That is, except for the scal- 
ing factor W that is applied equally to all colonies to ensure 
constancy of population size across generations, a colony’s 
expected fitness depends only on its own phenotype—i.e., 
there is no social interaction between colonies. This den- 
sity regulation is assumed purely for mathematical conve- 
nience and has no impact on allele frequency change rela- 
tive to a population that is allowed to exhibit unrestricted 

growth. 
Using Price’s (1970 , 1972) theorem, the change in average 

p -score for a colony due to the action of natural selection is 
given by 

	NS p = Covi ∈ I ( wi , pi ) , (1) 

i.e., the covariance of a colony’s expected fitness and its p - 
score (see Appendix for derivation). Note that, as a conse- 
quence of the queen being the only colony member capable 
of reproduction, natural selection acts wholly at the between- 
colony level and there is no selection at the within-colony 
level. 

Optimization program 

Following Grafen (2002 ), we capture ideas of biological adap- 
tation and design by adopting the concept of a maximizing 
agent whose circumstances are framed within an optimization 

program. An optimization program is a mathematical device 
made up of three elements: (1) the employed strategy σ , (2) 
the set of all possible strategies S ; and (3) the objective func- 
tion, or maximand F ( σ ) defined for all σ ∈ S , that describes 
how well the employed strategy σ realizes the agent’s objec- 

tive, i.e., better strategies return a higher value of the objective
function. The optimization program can be written as 

σ max 

σεS 
F ( σ ) . (2) 

The optimization program formalizes the concept of opti- 
mality. An optimal strategy σ ∗ ∈ S is defined as satisfying F ( α)
≤ F ( σ ∗) for all α ∈ S , i.e., it maximizes the objective function.
A suboptimal strategy σ ◦∈ S is defined by the existence of dif-
ferent strategy α ∈ S such that F ( α) > F ( σ ◦), i.e., it does not
maximize the objective function. 

“Group as maximizing agent” analogy 

Here, we link our population genetical model to the optimiza- 
tion program to form a “group as maximizing agent” anal- 
ogy. We identify the agent as the colony—and, as there are
M colonies in our model, we describe M agents with their
own optimization program, indexed using the subscript i ∈ 

I = {1, 2, 3. . ., M }. We identify the i th agent’s strategy as the
i th colony’s phenotype, i.e., σ i = π i , and the strategy set as the
set of all possible colony phenotypes, i.e., S = �. Lastly, we
identify the objective function as the fitness function, i.e., F ( σ )
= W ( π i ). This analogy can be summarized in the form of an
optimization program, i.e., 

πi max 

πi ε�
W ( πi ) . (3) 

This formalizes the use of optimality language in relation 

to colony phenotypes. An optimal colony phenotype π i 
∗ ∈ �

satisfies W ( φ) ≤ W ( π i 
∗) for all other colony phenotypes φ ∈

�, i.e., it maximizes the colony’s fitness . A suboptimal colony
phenotype π i 

◦ is defined by the existence of another pheno- 
type φ ∈ � such that W ( φ) > W ( π i 

◦), i.e., it does not maximize
the colony’s fitness. 

Gardner & Grafen (2009 ; see also Grafen, 2002 ) formed 

a similar “group as maximizing agent” analogy and showed 

that—in the context of clonal groups—six mathematical cor- 
respondences exist between the optimization program and 

Price’s theorem. These correspondences relate the scenarios 
concerning the optimality or suboptimality of group pheno- 
types to scenarios concerning the action of natural selection,
and vice versa, and may be summarized as follows: 
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Table 2. Group-level adaptation. 

Correspondence Queen control Worker control Shared control 

I. If all agents behave optimally, then there is no scope for selection ( i.e., 
no expected change in any gene frequency). 

� � � 

II. If all agents behave optimally, then there is no potential for positive 
selection ( i.e., no introduced genetic variant is favoured when rare). 

� � � 

III. If all agents behave sub-optimally, but equally so, then there is no 
scope for selection. 

� � � 

IV. If all agents behave sub-optimally, but equally so, then there is 
potential for positive selection ( i.e., at least one introduced genetic 
variant will be favoured when rare) . 

� � � 

V. If agents vary in their optimality, then there is scope for selection, and 
the expected change in all gene frequencies and in the additive genetic 
component of every trait is given by its covariance with the agent’s 
relative maximand value. 

� � ∗ � ∗

VI. If there is no scope for selection and no potential for positive 
selection, then every agent behaves optimally. 

� � � 

Summary of mathematical correspondences between the dynamics of natural selection in the context of a population genetical model of obligate 
eusociality—expression (1)—and the “group as maximizing agent” analogy—expression (3)—across three scenarios: queen control, worker control, and 
shared control. An asterisk (∗) indicates that non-zero relatedness between queen and workers is required for there to be a guarantee that correspondence V 

holds in a non-trivial way (see Appendix for full derivation). 
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I. If all agents behave optimally, then there is no scope 
for selection (i.e., no expected change in any gene fre- 
quency). 

II. If all agents behave optimally, then there is no poten- 
tial for positive selection (i.e., no introduced genetic 
variant is favoured when rare). 

III. If all agents behave sub-optimally, but equally so, then 

there is no scope for selection. 
IV. If all agents behave sub-optimally, but equally so, then 

there is potential for positive selection (i.e., at least one 
introduced genetic variant is favoured when rare). 

V. If agents vary in their optimality, then there is scope 
for selection, and the expected change in all gene fre- 
quencies and in the additive genetic component of ev- 
ery trait is given by its covariance with the agent’s rel- 
ative maximand value. 

VI. If there is no scope for selection and no potential for 
positive selection, then every agent behaves optimally. 

The first five correspondences translate the mathematics 
f optimality into the mathematics of selection. Correspon- 
ences I and III together provide an equilibrium condition: 
f all group-level agents have the same degree of optimality 
r suboptimality (i.e., the same expected fitness), then there 
s no expected change in any gene’s frequency, because nat- 
ral selection does not operate in the absence of variation 

n expected fitness. Correspondences II and IV together pro- 
ide a stability condition: if all agents are optimal, then no 

enetic variant introduced at low frequency can invade the 
opulation; whereas if all agents behave sub-optimally, but 
qually so, then the population is vulnerable to such an in- 
asion, because the rare variant enjoys higher fitness than the 
esident. Correspondence V describes how within-population 

ifferences in optimality (i.e., variation in expected fitness) re- 
ate to the action of selection when the population is not at 
quilibrium, i.e., the selective change is given by Price’s theo- 
em. The sixth correspondence translates the mathematics of 
election into the mathematics of optimality: correspondence 
I reveals that if there is neither scope nor potential for se- 

ection, then all group-level agents must be acting optimally; 
ere they not all acting optimally, then there would be some 

cope or potential for selection to occur. Together, the cor- 

respondences provide formal justification for viewing clonal
groups as fitness-maximizing agents. 

We now investigate whether these same mathematical cor-
respondences hold between our statement of the action of nat-
ural selection in the context of a population genetical model
of obligate eusociality—expression (1)—and our “group as
maximizing agent” analogy—expression (3)—to determine
whether colonies with a reproductive division of labour may
similarly be viewed as adaptive units. We consider three sepa-
rate scenarios, in which the colony’s phenotype is: (i) fully de-
termined by the queen’s genotype (queen control); (ii) fully de-
termined by the workers’ genotypes (worker control); or (iii)
determined by both the queen and worker genotypes (shared
control) (see Table 2 for summary of results). 

Queen control—If the colony’s phenotype is fully deter-
mined by the queen’s genotype gi 0 , then we may write γ i = gi 0 

for all i ∈ I and hence πi = P(gi 0 ) . In this queen control sce-
nario, we find that all six of the above mathematical corre-
spondences hold (see Appendix for derivations). If all group-
level agents, here colonies, behave optimally—i.e., all achieve
the maximum expected fitness—then the absence of variation
in expected fitness means there is no scope for selection (corre-
spondence I), and as no introduced genetic variant can achieve
higher fitness, there is no potential for positive selection (cor-
respondence II). If all group-level agents behave equally sub-
optimally, there is again no variation in expected fitness and
thus there is no scope for selection (correspondence III), but
there exists at least one genotype that would achieve greater
expected fitness if introduced into the population and thus
there is potential for positive selection (correspondence IV). If
group-level agents vary in their optimality, then there is varia-
tion in expected fitness and scope for selection and—from ex-
pression (1)—the expected change in every gene’s frequency
will be given by its covariance with the fitness maximand
(correspondence V). It then also follows that, if there is nei-
ther scope for selection nor potential for positive selection,
all group-level agents must be behaving optimally (correspon-
dence VI). There is therefore formal justification for viewing
an obligately eusocial colony as a fitness-maximizing agent in
the queen-control scenario. 

Worker control —If the colony’s phenotype is determined
by a non-ordered list of worker genotypes ˆ gi , we may write γ i 
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= 

ˆ gi for all i ∈ I and hence πi = P( ˆ gi ) . In this worker con- 
trol scenario, we also find that all six mathematical corre- 
spondences hold (see Appendix for derivations). Because the 
queen is the only individual in the colony who can repro- 
duce, within-colony selection is abolished, and the response 
to natural selection is modulated entirely by colony-level fit- 
ness. If all group-level agents behave optimally then, for the 
same reasons as in the queen control scenario, there is no 

scope for selection (correspondence 1) and no potential for 
positive selection (correspondence II). Similarly, if all group- 
level agents behave sub-optimally then, for the same reasons 
as in the queen-control scenario, there is no scope for selec- 
tion (correspondence III), and there exists at least one geno- 
type that would achieve greater expected fitness if introduced 

into the population, and thus there is potential for positive 
selection (correspondence IV). If group-level agents very in 

their optimality, there will be variation in expected fitness 
and scope for selection, with the expected change in every 
gene’s frequency being given by its covariance with the fitness 
maximand (correspondence V). However, this correspondence 
holds only trivially—i.e., there can be no action of natural se- 
lection ( Grafen, 2014 )—unless the queen is genetically related 

to the workers: if she is not, then the worker genes that un- 
derpin an improved colony-level phenotype may not be passed 

onto future generations via the queen’s reproductive success. 
Conversely, positive relatedness (even if very low) between the 
queen and workers will allow for genes that are expressed in 

the workers to be passed on by the queen, and thus, to be acted 

upon by natural selection. Lastly, as in the queen-control sce- 
nario, if there is neither scope for selection nor potential for 
positive selection, then all group-level agents must be behav- 
ing optimally (correspondence VI). Overall, then, there is also 

formal justification for viewing an obligately eusocial colony 
as a fitness-maximizing agent in the worker-control scenario. 

Shared control—If the colony’s phenotype is jointly de- 
termined by both the queen’s genotype and a non-ordered 

list of worker genotypes, we may write γi = { gi 0 , ˆ gi } and πi = 

P({ gi 0 , ˆ gi } ) for all i ∈ I . Because reproductive division of labour 
still ensures no within-colony selection, we may use the same 
logic from both the queen-control and worker-control sce- 
narios to find that all six mathematical correspondences hold 

in this shared-control scenario but that, again, natural selec- 
tion can only act on the workers’ contribution to the group 

phenotype if there is genetic relatedness between the queen 

and the workers (see Appendix for derivations). We therefore 
also obtain formal justification for viewing obligately eusocial 
colonies wherein the queen and workers share control over the 
phenotype as a fitness-maximizing agent. 

Discussion 

The concept of adaptation should be employed only when it is 
properly justified ( Grafen, 2003 ; Williams, 1966 ). Gardner & 

Grafen (2009) established links between the mathematics of 
selection and optimization to justify the application of group- 
adaptationist thinking in some limited cases where there is 
no within-group selection and all group members are generic 
and interchangeable—i.e., when the group exhibits no class 
structure ( Fisher, 1930 ; Grafen, 2006a ; Taylor, 1990 ). Here, 
we have extended their theory of group-level adaptation to 

include multiple classes in order to capture Wheeler’s (1911) 
original “superorganisms” ( Figure 1 ). We have modelled an 

obligately eusocial colony with two classes of individuals—a 

reproductive queen and non-reproductive workers—and con- 
sidered it acting as a purposeful agent striving to maximize
its reproductive success. We have then established mathemat- 
ical links between this optimization view and the dynamics of
gene-frequency change to formalize this conception of colony- 
level adaptation. We have obtained formal justification for 
group-level adaptation for obligately eusocial colonies in three 
cases: a “queen control” scenario, wherein the colony’s phe- 
notype is fully determined by the queen’s genotype; a “worker
control” scenario, wherein the colony’s phenotype is fully de- 
termined by the workers’ genotypes; and a “shared control”
scenario, wherein the colony’s phenotype is jointly determined 

by both queen and worker genotypes. The justification in the 
latter two scenarios highlighted an important role for related- 
ness on the action of natural selection in obligate eusociality
when non-reproductive individuals influence a colony’s phe- 
notype. 

We have assumed full reproductive division of labour, such 

that the queen is the only member of the colony who is able
to reproduce and pass on her genetic material. In the queen-
control scenario, the queen is also the only individual in the
colony whose genes have an influence upon the colony’s phe- 
notype. Accordingly, our having obtained formal justifica- 
tion for the group-as-maximizing-agent analogy in the queen- 
control scenario effectively recovers Grafen’s (2002 ) formal 
justification for the individual-as-maximizing-agent analogy: 
here, the workers can be considered a mere extension of the
queen’s phenotype ( Dawkins, 1982 ). Nowak et al. (2010) con- 
ceptualized workers in this way, without agency and with their
properties controlled entirely by the queen’s genotype, but our 
inclusion of this special case in our analysis is done simply for
the purpose of exploring the underlying logic, and we do not
intend for this toy model to be taken literally as a realistic
model of obligately eusocial organization. 

We also obtained formal justification for group-level adap- 
tation in scenarios with worker-control or shared queen and 

worker control of the colony’s phenotype, and, in doing so,
revealed a central role for genetic relatedness between queen 

and workers. Worker genes contribute to shaping the colony’s 
phenotype in these two scenarios, yet workers—being inca- 
pable of reproduction—cannot directly transmit their genes 
to future generations. Accordingly, unless the queen—who can 

reproduce—also shares copies of these same genes then it may
be that better-adapted colony phenotypes are possible, but 
these phenotypes are unable to be worked upon by natural
selection as the underlying genes cannot be passed on. One of
the formal correspondence between group-level optimization 

and the dynamics of selection—in particular, correspondence 
V—continues to hold in the absence of such relatedness, but 
only trivially: i.e., a group-level formulation of Price’s equa- 
tion correctly describes the action of natural selection, even 

if this is equal to zero (cf. overdominance and heterozygotes 
in Grafen, 2014 ). Relatedness does not feature in the queen- 
control scenario because the queen has sole genetic control 
over the colony’s phenotype and is able to transmit these genes
to future generations via her own reproductive success. Relat- 
edness also did not feature explicitly in Gardner & Grafen’s
(2009) analysis of the group-as-maximizing-agent analogy,
but was implicit in their clonal-groups scenario, with clonality 
serving to both abolish within-group selection and also ensure 
that the genes underlying the group’s phenotype are passed 

on if any group member reproduces. Moreover, Gardner & 

Grafen’s (2009) repression-of-competition scenario did not re- 
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uire relatedness because all group members are assured the 
ame expected reproductive success—i.e., all genes may be 
assed on to future generations. 
One of the formal correspondences between the opti- 
ization view of fitness-maximizing agents and the dynam- 

cs of natural selection—in particular, correspondence IV—
oncerns the potential for positive selection in a scenario in 

hich all agents are behaving sub-optimally but equally so. 
rafen’s (2002 ) treatment of the individual-as-maximizing- 

gent analogy assessed the potential for positive selection by 
ntroducing rare genetic variant individuals into the popula- 
ion at vanishingly low frequency and establishing whether 
ny could invade under the action of natural selection, 
nd Gardner & Grafen’s (2009) treatment of the group-as- 
aximizing-agent analogy employed this same procedure. 
his resulted in a failure of correspondence IV (and hence 
lso correspondence VI) in Gardner & Grafen’s repression- 
f-competition scenario, as there was no guarantee that intro- 
uced variant individuals would be correctly arranged into 

roups in such a way as to produce an improved group 

henotype—and hence no potential for positive selection un- 
er their interpretation. Here, we have taken a slightly differ- 
nt approach, introducing rare genetic variant groups into the 
opulation, such that if an improved group phenotype is pos- 
ible then it can be introduced fully formed—for example, by 
igration from elsewhere ( McGlynn, 2012 )—and experience 
ositive selection. We suggest that this approach might yield 

ull formal justification for group adaptationism in Gardner 
 Grafen’s (2009) repression-of-competition scenario. 
In reality, insect societies in which reproductive potential is 

ully monopolized by a single queen are rare—this has only 
een described in some stingless bees and some ant species 
 Bueno et al., 2023 ; Holldobler & Wilson, 2009 ). In many 
ocial Hymenoptera taxa, workers retain the capacity to lay 
ale eggs, and it is relatively common to find several repro- 
uctive queens in ant colonies ( Keller & Reeve, 1994 ). Our 
ustification for group-level adaptation in class-structured su- 
erorganisms relies on sterility of the worker class and the 
resence of only one reproductive queen in each colony. Re- 
axing these assumptions would introduce within-colony se- 
ection into our model, causing all six correspondences to fail. 
his is because an analysis based solely on the group’s ex- 
ected reproductive success captures only between-group se- 
ection and therefore cannot correctly predict the overall dy- 
amics of selection when within-colony selection is also oper- 
ting ( Gardner & Grafen, 2009 ). 

We have considered a scenario in which obligate eusocial- 
ty has already become established, and hence our analysis 
oes not address the evolutionary origins of obligate euso- 
iality. It is now widely accepted that obligate eusociality has 
nly ever arisen in lineages characterized by singly mated 

ueens ( Hughes et al., 2008 ), whereby strict lifetime female 
onogamy has resulted in maximal relatedness ( Boomsma,
009 , 2022 ). Our analysis does help to explain how obligately 
usocial taxa have often subsequently evolved female promis- 
uity ( Boomsma & Ratnieks, 1996 ; Crozier & Fjerdingstad,
001 ) by showing that once obligate eusociality is attained 

here is no requirement for queen-worker relatedness to re- 
ain high and that—so long as relatedness is nonzero—the 

ction of natural selection will continue to correspond to the 
rinciple of fitness maximization at the colony level. That is, so 

ong as female promiscuity serves to increase colony fitness—
or example, by enabling the queen to overcome the limi- 

tations of sperm storage and produce a larger workforce—
then this will be evolutionarily favoured. The present analysis
equally applies to multicellular organismal adaptation, since
germ–soma specialization also imposes a strict reproductive
division of labour, and here too our results are consistent with
the view that obligate multicellularity has only ever arisen in a
clonal context ( Fisher et al., 2013 ; Twyman & Gardner, 2025 )
as they concern the consequences rather than the origins of
obligate multicellularity. 

Our biological model considers the key form of class struc-
ture that defines obligate eusociality—reproductive division
of labour. However, obligately eusocial taxa often exhibit
other forms of class structure that are not considered in the
present analysis, including in relation to sex, ploidy, and age
( Hölldobler & Wilson, 2009 ). The consequences of these ad-
ditional forms of class structure for group-level adaptation re-
main obscure. For example, the haplodiploid genetics of the
Hymenoptera (ants, bees, and wasps) yield relatedness asym-
metries within colonies that can drive conflicts of interest
between queen and workers over sex allocation ( Hamilton,
1972 ; Trivers & Hare, 1976 ), and such conflicts have the
potential to drive substantial colony-level maladaptation, in-
cluding in relation to aspects of the group’s phenotype that
are not under contention ( Rautiala & Gardner, 2023 ). The
assumption of non-overlapping generations—e.g., an annual
life-history—is likely more benign, but it does eliminate age-
differences between colonies, which could potentially mod-
ulate within-colony conflicts. Incorporating these additional
forms of class structure into the group-as-maximizing-agent
analogy represents an intriguing avenue for future investiga-
tion. 
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PPENDIX 

rice’s equation under uncertainty 

rom Price’s (1970 , 1972) theorem, the change in average p - 
core in one generation for a colony under outcome ω can be 
xpressed as 

	pω = Covi ∈ I 
(
wω 

i 0 , pi 0 
) + Ei ∈ I 

(
wω 

i 0 	pi 0 
)
, (A1) 

here Cov ( x , y ) denotes a covariance and E ( x ) denotes an 

xpectation or arithmetic average. The first term on the right 
and side describes change due to selection, and the second de- 
cribes change due to transmission—i.e., non-Darwinian pro- 
esses that tend to erode adaptation ( Fisher, 1930 ; Gardner & 

elch, 2011 ; Grafen, 2003 ; Price, 1972 ). From this, we can 

efine a statement of selection as 

	S pω = Covi ∈ I 
(
wω 

i 0 , pi 0 
)
. (A2) 

By including future uncertainty in expression ( A2 ), we re- 
ain the effect of random genetic drift ( Grafen, 2000 ). Aver- 
ging over this uncertainty yields a statement of the effect of 

natural selection only, which is given by 

Eω∈ � ( 	S p
ω ) = Covi ∈ I ( wi 0 , pi 0 ) , (A3)

and as a group’s fitness and p -score are equivalent to its
queen’s fitness and p -score, this may also be written as ex-
pression (1) of the main text, where Eω∈ �(	S pω ) = 	NS p. 

Derivation of mathematical correspondences 

Here, we prove the six mathematical correspondences
(see Table 1 ) between the action of natural selection—
expression (1)—and the group-as-maximizing agent (GMA)
analogy—expression (3)—in the queen control, worker con-
trol, and shared control scenarios. 

I. If all agents behave optimally, then there is no scope
for selection (i.e., no expected change in any gene fre-
quency). 

Queen control, worker control, and shared control —If all
colonies behave optimally, we have W (πi ) = W for all i ∈ I
such that wi = W /W = 1 for all i ∈ I . Substituting this into
expression (1) obtains 	NS p = Covi ∈ I (1 , pi ) = 0 . 

II. If all agents behave optimally, then there is no potential
for positive selection (i.e., no introduced genetic variant
is favoured when rare). 

Queen control, worker control, and shared control —We in-
troduce a fully-formed variant group genotype from another
homogenous population into our population through a pro-
cess like migration. We assign this and every other group a
special p -score, pi 

v , to designate them as variant ( pi 
v = 1) or

resident ( pi 
v = 0). From expression (1), the expected change

in the population frequency of the variant group genotype can
be given by 

	NS p
v = Covi ∈ I 

(
wi , pv 

i 

) = pv ( 1 − pv ) 
(
wV − wR 

)
, (A4)

where wV = W 

v 
/W and wR = W 

R 

/W . If all resident agents
act optimally, wR = w∗ and wV ≤ w∗ such that wV – wR ≤ 0,
so from expression ( A4 ) we have 	NS pv ≤ 0 . 

III. If all agents behave sub-optimally, but equally so, then
there is no scope for selection. 

Queen control, worker control, and shared control —If
all colonies behave sub-optimally but equally so, we have
W (πi ) = W for all i ∈ I such that wi = W /W = 1 for all
i ∈ I . Substituting this into expression (1) obtains 	NS p =
Covi ∈ I (1 , pi ) = 0 . 

IV. If all agents behave sub-optimally, but equally so, then
there is potential for positive selection (i.e., at least one
introduced genetic variant will be favoured when rare).

Queen control, worker control, and shared control —If all
resident agents act sub-optimally, wR = w◦, where w◦ is some
submaximal fitness, and there exists some variant group geno-
type that can introduced into the population that produces an
optimal phenotype such that wV = w∗. Because w∗ > w◦, then
wV – wR > 0, and from expression ( A4 ) we have 	NS pv > 0 . 

V. If agents vary in their optimality, then there is scope for
selection, and the expected change in all gene frequen-
cies and in the additive genetic component of every trait
is given by its covariance with the agent’s relative max-
imand value. 
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Queen control —From expression (1), the expected change 
in gene frequency under the action of natural selection is 
given by 	p = Covi ∈ I (wi , pi ) , and making the substitution 

wi = W ( π i )/ W , we obtain 	NS p = Covi ∈ I (W (πi ) 
W̄ 

, pi ) . 
Worker control—The expected change in gene frequency 

under the action of natural selection is again given by 	p = 

ovi ∈ I (wi , pi ) , and making the substitution wi = W ( π i )/ W , 
we obtain 	NS p = Covi ∈ I (W (πi ) 

W̄ 

, pi ) . Moreover, using the fact 
that Cov ( x , y ) = β( x , y ) Cov ( x , x ), where β( x , y ) is the 
least-squares linear regression of y on x , Covi ∈ I (wi , pi ) = 

βi ∈ I (wi , pˆ i )βi ∈ I (pˆ i , pi 0 ) Covi ∈ I (pi 0 , pi 0 ) , where pî is a non- 
ordered list of worker p -scores and βi ∈ I (pˆ i , pi 0 ) defines the 
kin selection coefficient of relatedness between the queen and 

workers, and which is normally between zero and unity in 

standard scenarios ( Frank, 1998 ). Thus, even though the phe- 
notype of the group is fully controlled by the worker’s geno- 
type in this scenario, selection may occur when there is relat- 
edness between the queen and workers. 

Shared control—The expected change in gene frequency 
under the action of natural selection is again given by 	p = 

Covi ∈ I (wi , pi ) , and making the substitution wi = W ( π i )/ W , we
obtain 	NS p = C ovi ∈ I (W (πi ) 

W̄ 

, pi ) . Moreover, C ovi ∈ I (wi , pi ) =
Covi ∈ I (pi 0 , pi 0 )(βi ∈ I (wi , pi 0 | ˆ pi ) + βi ∈ I (pˆ i , pi 0 ) βi ∈ I (wi , ˆ pi |pi 0 ) ) ,
where βi ∈ I (pˆ i , pi 0 ) again defines the kin selection coefficient 
of relatedness between the queen and workers. Thus, for 
selection to be guaranteed—i.e., for selection to be able to act
on both the workers and queen’s genotypes—there must be 
relatedness between the queen and workers. 

VI. If there is no scope for selection and no potential for
positive selection, then every agent behaves optimally. 

Queen control, worker control, and shared control —Per 
correspondence V, if colonies vary in their optimality, there 
is scope for selection. It follows logically, that if there is no
scope for selection, colonies cannot vary in their optimality.
And per correspondence IV, if all colonies are equally sub- 
optimal, there is potential for positive selection. Hence, if there 
is no scope for selection and no potential for positive selection,
all colonies must be acting optimally. 
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